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Abstract 

This article proves that, in terms of local times, the properly rescaled and re- 
centered cover times of finite subsets of the discrete cylinder by simple random walk 
converge in law to the Gumbel distribution, as the cardinality of the set goes to 
infinity. As applications we obtain several other results related to covering in the 
discrete cylinder. Our method is new and involves random interlacements, which 
were introduced in [22]. To enable the proof we develop a new stronger coupling 
of simple random walk in the cylinder and random interlacements, which is also of 
independent interest. 

Introduction 

In this article we prove precise results about the asymptotic distribution of cover times 
of certain finite subsets of the discrete cylinder, with base a d— dimensional torus for 
d > 2, using the theory of random interlacements. For families of finite graphs the 
cover time Cy of the whole vertex set V has been extensively studied (see for instance 
M, S S O, Q). For many families one can show that ECy is of order c\V\ log]V^|, 
and also that Cy/(c|y| log |V^|) — )• 1 in probability as \V\ — )■ oo (see Chapter 6 of [3i]). 
For a quite restricted class of families of "especially nice graphs" , one can also prove the 
finer result that Cv/(c|V|) — log|V^| tends in law to the standard Gumbel distribution 
(see 11, [lil). In this article we are able to prove the corresponding statement for the 
cover times of subsets F of the discrete cylinder (seen as an infinite graph): we show 
that Lcp/{cN'^) — log |F| tends in law to the Gumbel distribution as |F| — > oo, provided 
the sets F are close to the zero level, where Lcp is the local time at the zero level of 
the cylinder when F is covered. As applications we obtain several other results related 
to covering. To prove the Gumbel distributional limit result we develop an improved 
coupling of simple random walk in the cylinder and random interlacements, which is also 
of independent interest. 

We now introduce the objects of study and our results more precisely. We denote by 
Tiv = {Z/NZy the discrete torus and by En = Ttv x Z the discrete cylinder for > 2. 
Let P be the canonical law of simple random walk in En starting uniformly on the zero 
level Tn X {0}, and let A„ denote the canonical discrete time process. For any finite set 
F C En the cover time Ci;' of F is the first time A„ has visited every vertex of F: 

Cf = mi{n >0:FC X{0,n)}, 
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where X{0,n) denotes the set of vertices visited up to time n. 

We start by stating the apphcations of our main result. In Corollary 12. II we show that 
if F/v C Tjv X [— y] is a sequence of sets such that |F/v| — )• oo, then under P 

Cfjv law fi'(O) N ^ /^-.N 

— )■ C( as A* — )■ CXD, (0.1) 



{N^\og\FN\y ^'Vd + T 

where ({t) denotes the first time the local time at zero of a Brownian motion reaches r 
and g{-) is the Z'^^^ Green function (see (11.71) ). In jo], [isj the cover time Ctjvx{o} was 
studied and found to be of order A^2c(+o(i)_ rjnj,^^ result (10. ip sharpens this and provides 
the correct form of the log correction term. 

To state our second application we introduce L„, the local time at zero of the Z— component 
of Xn (which we often refer to as "the local time of the zero level"). For any 2 G M let 
Af^ be the point process on (R/ZY x M defined by: 

= Sx/Nl{LH,>Ndu{^)}^ (0-2) 

a:eT]vx{0} 

where u{z) = 5'(0){log [T^v x {0}| +z}. In other words J\f^ counts the vertices of T^v x {0} 
that are hit after the local time of the zero level reaches N'^u{z) (it will later become clear 
that A^°'m(0) is the "typical" local time at which covering of the zero level of the cylinder 
is completed). We call J\f^ the "point process of vertices covered last". Let A be Lebesgue 
measure on {R/Zy X {0}. We show in Corollary O that 



(0.3) 



J\f^ converges weakly to a Poisson point process 
on {R/Zy X M of intensity exp(-z)A. 

As a consequence we obtain in Corollary 12.31 that 

the last two vertices of x {0} to be visted by X„ , . 

are "far apart" at typical distance of order A^. 

The proofs of (10.31) and (10. 4p also provide similar results with other subsets of T^r x [— y] 
in place of T^r x {0} (for example for Tjv x [— y, y] itself). The three applications (10. ip . 
(10. 3 p and (10. 4p are consequences of the following main theorem and the coupling (see (10. 6p 
below) : 

Theorem 0.1 (Convergence to Gumbel). Let C x [— y, y], A^ > I, be a sequence 
of sets such that \Fn\ — )• 00, as N ^ 00. Then under P 

- log G, asN^ 00, (0.5) 

where G denotes the standard Gumbel distribution (see (ll.44p ). 

As mentioned in the first paragraph the class of finite graphs for which one can obtain a 
Gumbel distributional limit for the cover time is quite restricted (it includes the complete 
graph, the star graph (see Q]) and graphs that are "highly symmetric" in the sense of 



ll| . but for example not the graph Ti\i,d > 3). An additional interest of Theorem 10.11 
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stems from the method we employ in its proof, which rehes on random interlacements. It 
is open whether the method could be used to prove Gumbel distributional limits for the 
cover times of other graphs; for more on this see Remark 16.111 (1). 

Before describing the method in more detail let us briefly discuss the random inter- 



lacement model. The model was introduced in [22[ and helps to understand the "local 
picture" left by a simple random walk in e.g. the discrete torus TN,d > 3, (see [2J]) or 
the discrete cylinder En, d > 2, (see [l9|) when the walk is run up to times of a suitable 
scale. The random interlacements consist of a Poisson cloud of doubly infinite traject- 
ories module time-shift in Z'^, d > 3, where u multiplies the intensity. The trace of the 
trajectories in the cloud up to a level u is denoted by X" C Z"^, so that (X")„>o is an 
increasing family of random sets. Intuitively speaking, for a value u related to the time 
up to which the random walk is run, the trace of the random walk in a "local box" in the 
torus or cylinder in some sense "looks like" I^. The previous sentence has further been 



made precise in the case of the cylinder by means of a coupling in [20|, |21|. The first main 
ingredient in the proof of Theorem 10. II is a strengthened version of this coupling. To state 
it we fix an e G (0, 1) and let A be a box of side length A^^~^ with centre at x for some 
X G Tjv X [— Y, y]. We further let denote the successive returns to Tjv x [— iV, A^] and 
Dk the successive departures from x (— /zjv, /iAr), where has order A^(logA^)^, (see 
(11. 2p ). Then the coupling result, see Theorem \4.1\ implies that: 

For large enough, and for any u > 6 > (iQg^)2 ; we can construct a coupling 
Qi of X. under P, and of joint random interlacements X'^^^~^\X^^^~^^^ for which 

g^(X«{i-5) n A c X(0, D[^K^]) nAc X"(i+^) n A) > l - cuN-^'^-\ (0.6) 

where essentially equals ^^^^^^ (see (I1.16P ). In fact (and importantly for our proof 
of Theorem 10. ip . Theorem 14.11 is stronger that what is stated in (10.60 because it couples 
the trace of X. in several disjoint regions of the cylinder with independent random inter- 
lacements, as long as these regions are "far apart" . 

An interest of (10. 6p is that it couples X{0, D^^uKn]) with joint random interlacements 



jn{i-5) ju(i+<5) (^combining the one-sided couplings of |20|, l2l| to get a two-sided 
coupling does not guarantee the correct joint law of X"^^"^) and Z"^^^^^^). This makes it 
more useful as a "transfer mechanism" from random interlacements to random walk; see 
Remark 16.111 (2) for more on this topic. 

Thanks to the Poissonian structure of random interlacements one has a number of 
algebraic properties that only hold approximately for the trace of random walk (cf. (I1.35p . 
(I1.36p . (I1.37P ). In j3] we could take advantage of this feature and give a precise result 
for the asymptotic distributions of so called cover levels in random interlacements. The 
cover level a of a finite set F C Z'^"'"^ is: 

Cf = mf{u > : F C X"}. (0.7) 

Theorem 0.1 of [3] implies that, in the notation of (10. 5p : 

'^'^ log |F| G, as |F| ^ oo. (0.8) 



^(0) 

The method used to prove Theorem 10.11 is essentially speaking to combine (10. 8p with 
the coupling (10. 6p . It will turn out that when the local time L„ of the zero level is uN'^ 
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then, roughly speaking, there have been about [m-R'at] excursions (see (11.231) ). On the 
other hand (10. 6p intuitively says that after [wi^Ar] excursions the picture left in a local 
box (meaning a box of side length N^~^,e > 0) looks like random interlacements at 
level u. Thus "when the local time at the zero level is uN'^ the picture in a local box 
looks like X"" (and this also holds simultaneously for the picture left in several "distant" 
regions contained in local boxes). Now (10.81) essentially speaking says that Cp is close in 
distribution to g{0){\og \F\ +G}, and thus we roughly find that if F is contained in one or 
several "distant" local boxes then Lcp , the local time at the zero level when F is covered, 
is close in distribution to N'^g{0){\og \F\ +G}. But this is the intuitive meaning of (10. 5p . 
When F is contained in one or several "distant" local boxes this intuitive explanation can 
be turned into a rigorous proof. 

However sets like Fn = Tn x {0} can not be split into pieces that are contained in 
distant local boxes. To deal with this problem we consider two cases. The first, considered 
in Proposition 13.11 is when the F^ are small in the sense that \Fn\ < N^^^. It turns out 
that we can split such small sets into pieces Si, S2, Sk such that the pieces are contained 
in "distant" local boxes, so that we are in the situation discussed in the previous paragraph 
and can prove that the limit distribution is the Gumbel distribution. 

The second case, considered in Proposition 13. 2^ is when the sets are "large" in the 
sense that iF^vl > N^^^. It turns out that such a set is typically covered completely when 
the local time (at the zero level) reaches roughly N'^g{0) log \Fn\- We consider the set F^ 
of vertices not covered when the local time at the zero level reaches a fraction (1 — p) of the 
typical local time N'^g{0) log \ Fn\ (in fact F^ will be defined in terms of excursions). By 
tiling the cylinder with local boxes, using the coupling (10. 6p once for each box, and using 
a calculation inside the random interlacements model we are able to show (for appropriate 
values of p) that F^ is with high probability "small" in the sense that \F^\ < N^^^ and 
that concentrates around its typical value, which turns out to be I-FatI''. By excluding 
a short segment of the random walk (when it is far away from Fn and thus does not affect 
F^) during which it "forgets" the shape of F^ we will show that the way in which X. 
covers F^ is essentially the same as the way an independent random walk would cover 
F^. Thus Lcp^ should be close in distribution to (1 — p)N'^g{0) log \ Fn \ + Lc^, , where F' 
is independent from X. and distributed as F^. Since F^ is "small" with high probability 
we can apply the previous case for typical realisations of F' to get that Lc^,, is close in 
distribution to A^'^^(0){log \F'\ + G}. Since \F^\ concentrates around I-FatI'' we find that 
log I F' I f» plog|F/v| so adding Lcp, to the deterministic part (1 — p)A^'^(7(0) log |F/v| we 
get that Lcp has law close to N'^g{0){log |Fjv| + G} (which is the intuitive interpretation 

of (insD). 

We now describe how this article is organized. In Section [T] we fix notation, recall some 
standard results on random walks and random interlacements and prove some preliminary 
lemmas. In Section [2] we use our main result Theorem 10.11 to prove (10. ip . (10. 3 p and (10. 4p . 
In Section [3] we then prove Theorem 10.11 using the full version of the coupling (10.60 (i.e. 
Theorem 14.11) . and a quantitative version of (10. 8p (see (11.451) ). The proof of Theorem 14.11 
is contained in sections 4, 5 and 6. 

Finally a note on constants. Named constants are denoted by cq, ci, .. and have fixed 
values. Unnamed constants are denoted by c and may change from line to line and within 
formulas. All constants are strictly positive and unless otherwise indicated they only 
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depend on d. Further dependence on e.g. parameters a, (3 is denoted by c{a,(3). 

1 Notation and and some useful results 

In this section we fix notation and recall some known results about random walk and 
random interlacements. We also state and prove Lemma 11.21 which gives an upper bound 
on a certain killed Green function in the cylinder, Lemma 11.41 which relates local time of 
the random walk to excursion times and to Brownian local time, and Lemma [1.51 which 
gives a bound on certain sums of the "two point function" in the random interlacements 
model. 

In this article N = {0, 1, 2, ...}. For any real x > we denote the integer part of x by 
[x]. If f/ is a set \U\ denotes the cardinality of U. 

We denote by | ■ |oo and | ■ | the Zoo and Euclidean norms on ]R'^+^ and by doo{-,-) and 
d{-, ■) the corresponding induced distances on (M/Z)'^ x M, Z"^"*"^, and E^. For any two sets 
A,B C Z'^+^ or A,B C En we denote their mutual Euclidean distance inix^A^yeB d{x,y) 
by d{A,B). The closed Zoo-ball centred at x in Z'^^^ or E^ of radius R is denoted by 
B{x, R). For any set U C Z'^^^ or En we define the inner and outer boundaries by 

diU = {xeU : d{{x}, U^) = 1} and dM = {x e : d{{x}, U) = 1}. 

A trajectory (or path) is a sequence w{n),n G N, in Z'^^^ or En such that d{w{n + 
1), w{n)) < 1 for all > 0. We define the trace of the trajectory as follows: 

w(a, h) = {x : w{n) = x for some n G [a,b]},a < b in N. (1-1) 

We write T for the space of trajectories in En and W for the space of trajectories in Z*^"^^. 
For any set F C En or F C Z'^"'"^ we write Tf for the countable subset of T consisting 
of trajectories that are contained in F U dF and stay constant after a finite time. The 
canonical coordinates on T and W are denoted by (X„)„>o and the canonical shift by 
{On)n>o- For a subset U of En or Z'^^^ we define the entrance time Hu, the hitting time 
Hu, and the exit time Tu by: 

Hu = inf {n > : X„ G f/}, ^f; = inf{n > 1 : X„ G t/}, 
Tu = mf{n >0:Xn^U}. 

When U is the singleton {x} we write or for simplicity. We define the special levels 
rN,hN and the special slabs B,B of En by 

rN = N,hN = [N{2 + {logN)^)] and S = T,v x [-tn^tn], B = Tn x (-/i;v,M- (1-2) 

The successive returns to B and departures from B are given by 

Ri = Hb, Di = T^o Or^ + and for A; > 1, ,^ . 

Rk+i = Rio Od, + Dk, and Dk = Dio Od, + Dk- ^ ' ^ 

For X G Z'^^^ we denote by -Pf '^^^ the law on W of simple random starting at x. For x G En 
we denote by Px the law on T of simple random starting at x. If e is a measure on Z'^^^ 
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or E]\r we denote by , Pg the measures '^a'^i'^)^e ^ae(a)Pe respectively. A 

special role will be played by the measures 

'^-^^dg, = ^ Yl ^-2;eZ. (1.4) 

Note that the measure P that appears in the introduction coincides with Pg^. For any 
finite K C we define the escape probability (or equilibrium measure) ex and capacity 
cap(ii') by 

eK{x) = Px ^ {Hk = oo)Ia'(x) and cap(-ft') = ex(a;). (1.5) 

If K G U C -Eat with U finite, then we define the escape probability and capacity of K 
relative to U by 

eK,u{x) = Px{Hk > Tu)Ik{x) and capu{K) = ^ eK,u{x). (1.6) 

x&K 

We define the TJ^^^ Green function by 

g{x,y) = J2Pr\Xn = y) and gi-) = gi;0) for x,y e Z^+^ (1.7) 

n>0 

The Green function killed on exiting U for U C Z'^^^ is defined by 

guix, y) = J2 pT^' = y.n<Tu), 

n>0 

and similarly for U C -Eat with P^ in place of Pf''^^ Classically, if i^' C f/ C -Eat with U 
finite, then for all x & U 

gu{x,y)eK,u{y)- (1-8) 

For two disjoint sets S*!, 5*2 C -B we define their "mutual energy" relative to B: 

£{81,82) = ^Si,Bi^)9Bi^,y)es^,Biy)- (1-9) 

x£Si,y£S2 

The following classical bounds on the Green function g{x) follow Theorem 1.5.4 p. 31 of 

Lemma 1.1. (d>2) For all non-zero x G Z'^"^^ 

c\x\^''^ < g{x) < c\x\^-'^ . (1.10) 
We also have similar bounds on g^{x,y): 
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Lemma 1.2. (c? > 2, > 1) For any x,y E B with x ^ y 

c\x - y\^~^ < gj^ix, y) < c\x - y\'-'' + c^. (1.11) 

Proof. Let e denote the vector (0, ...,0, 1) G Z'^+^. By "unwrapping" the cyhnder Ej^ we 
see that for any x,y E B 

9Bix,y)= Yl 9u{x\y' + nN), (1.12) 

neZ''+l,n-e=0 

where f/ = {x G Z'^+^ : |x ■ e| < hj^} and x' ,y' G Z*^ x [—tn^tn] are representatives in 
^d+i Qf y such that |x — ?/| = \x' — y'\. Now the lower bound of fll.lip is a consequence 
of g^{x,y) > gu{x',y') > 9B{y' ,\hi^)j^^y') — ^ y'\^^'^ where the last inequality follows 
from Proposition 1.5.9 p. 35 of 12|. Furthermore it follows from (2.13) of [17] with 
L = that if n ■ e = 



1 



guix', y' + nN) < c\x - y\ l{|n|<3} + , .nd-i — 1{I"I>3} 



{\n\NY-^ "^y h 



But X^nezd |^|Li ^^P(~'^^^^) — so summing over n in (I1.12p one obtains the upper 
bound of (fTTTD . " □ 

Note that thanks to fll.lip we have the following bound on £^(5*1, 6*2) when Si, S2 C B: 
jMji.ilIIIIJi 

^(^1,^2) < ccap^(5i)cap^(52){(rf(Si,52))i-^ + ^} 
< c\Si\\S2\{{diSi,S2)y-'' + l^}. 
The equalities contained in the following lemma will be essential: 
Lemma 1.3. (N > 3) For all K cTn x (-r^,r7v) 

Pq{HK < T^,Xhj, =x) = -^e^ Bi.^),x G K and (1.14) 

P,{Hk < T^, {Xh,+.) G dw) = ^P (dw), (1.15) 

where 

Kn = ti 7T7I V- (1-16) 

{d+l){hN-rN) 



Proof. f ll.l4p follows from Lemma 1.1 of [20| and f ll.l5p follows from f ll.l4p by an applic- 
ation of the strong Markov property. □ 

Incidentally f ll.l4p can be used to see that capg({x}) < cap^(-ft') when x E K C. 
Tat X (— rjvjrjv) and therefore together with the bound cap^({x}) > P^''^^ {TB{y,iN) > 

OH} 

Hx) — supj^gg^(j^ 1^) g^ix, y) > c valid for all x G Tat x [vn, r^] and > c we see that 
S{Si, S2) > cN^~'^ for all AT > 1 and non-empty ^i, ^2 C x (-r^v, rjv). (1.17) 
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The local time of X„ at the zero level (or equivalently the local time at of the 
Z— component of X„) is denoted by 

L„ = \{t e [0,n] : X, G X {0}}\,ne N, (1.18) 

and the first time the local time at the zero level is at least u by 

7„ = inf{n > : L„ > m}, m > 0. (1.19) 

Similarly we define 

C(m) = inf{t >0:Lt>u}, (1.20) 

where the continuous process Lt is the local time at zero of a canonical Brownian motion. 
Note that by the scaling invariance of Brownian motion 

({u) satisfies the scaling relation ({u) ^= u^({l),u > 0. (1-21) 

The cumulative distribution function of ({u) is known explicitly (see e.g. Theorem 2.3 p. 
240 of [iHl) it is the continuous function 

— — 

- [ ^e-^'/^do;. (1.22) 

The following lemma relates 7^ to the excursion times D^. and to the law of ({■): 
Lemma 1.4. For any N > c, ^ > S > Cqj^ and u such that uKj^f >2 we have 

PiD[(^i_s)uKN] < luNi < D[(^i+s)uKn]) > 1 - cexp(-cMyiV). (1.23) 

Also under P, for any fixed N >3, 

7n law 1 N /1 f^A\ 

— C H== , as u-^ 00. 1.24 

Proof. We start with ([L23D. Note that 

{7a < b} ™J™ {a < for real a, 6 > 0. (1.25) 

Thus it suffices to show (using also that S'^K^ > c\fN) 

< < Ld,,,^s,.kJ > 1 - cexp{-c6\KM). (1.26) 

Define the successive returns Rk,k > 1, to T^v x {0} and departures Dk,k > 1, from 
Tiv X {0} analogously to (11. 3p with Tat x {0} replacing both B and B. Let Vn = \{k : 
Dk G [Rni -Dn]}| denote the number of contiguous intervals of time spent in the zero level 
during the n— th excursion between B and deB. Then 

yi+...+y„ 

^^n= 5^ (^fe - i?fe) for all n > 1. (1.27) 

fc=i 



By the strong Markov property Vn,n > 1, are independent and Vi is geometric with 
support {1,2,...} and parameter ^ (the probabihty Px{R2 > Di) when x G T^v x {0}) 

and Vn UVi for n > 2, where [/ is a BernouUi random variable, independent from Vi, 
with P(f/ = 0) = (the probabihty that Xn leaves B before hitting Tat x {0}, when 
starting in diB). By a standard large deviation bound using the exponential Chebyshev 
inequality and the small exponential moments of ^ we see that if 5 > 4^ then 

P{Vi + ... + Vi(^i+s)uKn] < (1 + -)uKNhN) < exp{-cS'^uKN) and 
P{Vi + ... + V[(i_5)„K^] > (1 - -)uKNhN) < exp{-c5\KN). 

Combining this with fll.27p we see that f ll.26p (and therefore also (11.231) ) follows once we 
show that 

P( Yl {Dk-Rk) <uN'' < Y iDk-Rk))> I- cexp{-c6\KN). (1.28) 

k=l k=l 

Now by the strong Markov property Dk — Rk,k > 1, are independent geometric random 
variables with support {1, 2, ...} and parameter (the probability that Xn+i ^ Tat x {0} 
conditioned on X„ G Tat x {0}). Therefore by a standard large deviation bound we see 
that 

[il-^)uKNhN] 

P{ {Dk - Rk) > {l - ^){d + l)uK!^hN) < ceici>{—c5'^uKjqh]S!) and 

fc=i 

[{l+^)uKi,hN] 

P{ Y {Dk- Rk) <{d+l)uKNhN) < 

k=l 

From this fOS]) follows by observing that (1 - |)(rf + l)uKNhN ™ uN^^j^^^ < 

ilTTel i 

uN'^ < {d+ l)uKNhN if 5 > 4^. This completes the proof of (03]) . 

We now turn to (11.241) . For fixed > 3 let Z„ denote the Z— component of X„. Then 

Ln is the local time of Z„ at zero. By (1.22) of we can couple L. with L., the local 

time at of a Brownian motion, so that 

supn-^/*^|(ci+ 1)L_^ - L„| < oo a.s. (1.29) 

For any n > 0, 2; > we have P(7m < zu^) = P{u < L^^^u]'^) by (I1.25P and thus it follows 
from ffL29l) that for any a G (0, 1) 

lim„^oo^(M(l + a) < (f/ + l)L[^) < Mu^ooP{lu<zu'') 

d+l ^ (1.30) 

< \mVu^ooP{u{l - a) < {d+l)Ly^). 

d+l 
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But by and we have P(m(1 ± a) < {d + = PiC{^) < t^t^. 



and therefore from fll.30p 



P(C(^==) < < lim„_^P(7„ < ^^2) < P(C(-==)< 



Thus taking a ^ we get ffLMj) . □ 

In the proof of the couphng resuh fl0.6p (i.e. Theorem 14. ip the first step is to couple 
random walk with so called "Poisson Processes of Excursions". To introduce them we 
first define for any law e on E^- the probability 

Ke{dw) = PeiX.^T^ G dw). (1.31) 

A special role will be played by where q as in (11. 4p . A "Poisson process of excursions" 
is a Poisson process on the space Tg (see below (II. ip ) of intensity which is a multiple of 

u{dw) = KNKq{dw) = KNPq{X.;,T^ G dw) . (1.32) 

If fi = J2n>o is a point process on one of the spaces 7^ or we define the trace X(/i) 
of fi by (see (II. ip for notation) 

= [j Wn{0, oo) C En or Z'^+K (1.33) 

n>0 

We now recall some facts about random interlacements. They are defined as a Poisson 
point process on a certain space of trajectories modulo time-shift, on a probability space 



we denote by (flo, Ao, Qn). For a detailed construction we refer to Section 1 of [22 



or 

Section 1 of [l6| . In this article we will only need the facts that now follow. On (f2o, Aq, Qo) 
there is a family (X")m>o of random subsets of Z'^"'"^, indexed by a parameter u. We call 
I'^, or any random set with the law of X", a random interlacement at level u. Intuitively 
speaking X" is the trace of the Poisson cloud of trajectories mentioned in the introduction. 
Two basic properties of random interlacements are that 

the X" are translation invariant and increasing, ,^ , 

in the sense that li v <u then T" gT^. 

We can characterise the law of X'' fl for finite sets K C U^^^ in the following manner 
(see (1.18), (1.20), (1.53) of jiij) 

r\ K^= X{fiK,u) n K for each m > where hk,u is a (1.35) 
Poisson point process on W of intensity uPf^ . 

An important fact is that if m < f and Xi and X2 are independent random interlacements 
then 

{1^,1^) (Xf,X{' UX^-"). (1.36) 

The law of {Z'^Y (also called the vacant set) on {0, ij^'*"''^ is characterized by (see (2.16) 
of H): 

QoiA C (I'^y) = exp(-M ■ cap(A)) for all finite A C Z'^+\ 



10 



Since cap({a;}) = and cap{{x,y}) = . (see (1.62) and (1.64) of we have: 



9(0) "^^^ ""^^ L-> yj y g(^)+g(^-y) 

V 2 

Qo{x i X") = exp(-— -) and Q^{x, y ^ X") = exp(-n -). (1.37) 

£/(0) ^(0) + c/(x-y) 

If A and B are two disjoint finite sets in U^^^ that are "far apart" we have the following 
independence result which is a direct consequence of Lemma 2.1 of 



\Q^{A dX^Bd X") -Q.iAd X^)Qo{B c X")| < c«^^^^^ 
for all disjoint A, B C Z'^+^ and u> 0. 



id{A,B)r-' (1.38) 



The next lemma gives a bound on certain sums of the "two point probability" Qo{x,y ^ 
X"). It is a generalisation of Lemma 2.5 of 

Lemma 1.5. (d > 2)There is a constant Ci > 1 such that for any F C 'Ij'^^^,u > and 
a > 

^ Qo(0,x^Xf(°)") <e-2«{|F| Aa'^+^ + CM|F|^} + ce-'=i". (1.39) 

0<|a;|<a,a::G-F 

Proof. We assume |F| > 1. The left-hand side of f ll.39p equals Ii + 12 where 

I, J2 exp{-2u{l + g{x)/g{0)r') (1.40) 

0<\x\<uAa,xeF 

/, ^ exp{-2u{l + gix)/gm-'). (1.41) 

uAa<\x\<a,x£F 

We first bound /i. Note that for x 7^ we have g{x) < g{ei) < g{0), where ei is 
a unit vector in Z'', so that the summand in fll.40p is bounded by exp(— c^^m) where 
c'l = 2 (1 + ^(l)/^(0))"^ > 1. Therefore we find that 

h < cm"'^^ exp(-c'iu) < cexp(-ciM) (1-42) 

for a constant ci such that c'-^ > ci > 1. Next to bound I2 we use the elementary inequality 
(1 — x)~^ > 1 + a;, a; > to get 

h < Yl exp{-2u{l-g{x)/g{0))) 

uAa<\x\<a,x£F 

< exp(-2M) il + cugix)/giO)) 

uAa<\x\<a,xGF 

(ITTot 

where in the last inequality we have used that ug{x) < {cu ■ u^~'^ A c) < c for u A a < 
\x\ < a. We thus get 



I2 < exp(-2M) <^ |F| A {ca" 
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x&F ) 



Let F = {fi, f\p\} with < I/2I < ... < and let /ii,/i2,.. be an enumera- 

ITToli 

tion of Z'^^^ such that \hi\ < |/i2| < .... Then since g{fi) < c\fi\^^'^ < c\hi\^~'^ and 
{hi, h\F\} is contained in the Euclidean ball B' of radius c|F|^ around the origin we 
have 'E^^pdi^) < E1=i(c|^*I^"'^A^(0)) < ExeiJ'(c|a;|^"'^ A ^(0)) < c|F|2/('^+^). Therefore 
we see that 

h < cexp(-2M) {|F| A a'^+i + cu\F\^/^'^+^^} , 
which in combination with fll.42p yields fll.39p . □ 

In proving Theorem lO.il we will often consider events similar to {Lcp^ < -^'^5'(0){log |-F/v| + 
z}}. To simply formulas we define 

Upiz) = (7(0){log |F| + z} and = Upj^, (1-43) 

so that the previous event coincides with {Lcp^ < N'^un{z)}. We denote the cumulative 
distribution function of the standard Gumbel distribution by 

G{z) = exp(-e-"). (1.44) 

We now state a quantitative version of flO.Sp which will be what we actually use in 
the proof of Theorem 10.11 Recall the definition (10. 7p of the cover level Cp of a set F. We 
have that (see Theorem 0.1 of [J]) for all finite non-empty F C Z"'^^ 

sup,>_iog|F| 1^0(6-^ < uf{z)) - G{z)\ < c|F|-^ (1.45) 



2 Applications: Convergence of cover times and point 
process of uncovered vertices 

In this section we will derive from Theorem 10.11 and the coupling (10. 6p the convergence 
in law of the rescaled cover times (i.e. (10. ip ). the convergence in law of the point process 
of vertices covered last (i.e. (10.31) ) and the statement that "the last two vertices to be 
hit are far apart" (i.e. (I0.4p ). in the form of Corollary 12. H Corollary 12.21 and Corollary 
12.31 respectively. Corollary 12.11 will follow easily from Theorem 10.11 once we have related 
the random walk local time L„ to the local time of Brownian motion using (ll.24p . To 
prove Corollary 12.21 we will use Kallenberg's theorem which allows us to conclude that 
J\f§ converges weakly to a homogeneous Poisson point process by checking two conditions 
involving convergence of the intensity measure and the probability that the point measure 
does not charge a set. Finally Corollary 12.31 follows from Corollary 12.21 by a calculation 
involving the Palm measure of the limit of the N'^. 

Corollary 2.1 (Convergence in law for cover times), {d > 2) Let Fn be a sequence of 
sets as in Theorem \0.1[ Then under P 

Cn law ^, 9(0) ^ jyr ^ fr, ,\ 

— > C( -); as N 00, (2.1) 



(iV-^loglF^D^ ^'^q 

where Cjq = Cpj^- 
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Proof. We set u = N'^ log | \ . For any z > we have 

{Lc^<L[,„2]} c {Cn<zu^} C {Lc^ < L[,u2]}. {^■^) 
It follows from ( 10. 5p that Lc^f/u — )■ ^'(0) in probability as — )■ oo, so that for any 

5 e (0,1) 

< limAr_,oo-P(5'(0)(l - S)u < L[^„2]). 

But by (I1.25P we have P{g{0){l±6)u < L^zu^y) = P{lg{o)u{i±5) < zu^) and thus from fl2.3p . 
fll.24p (using that u — )■ oo as — t- oo) and the continuity of the limit law (see f ll.22p ) we 
get: 

< p(c(^=L=)< 



Once again by the continuity of the law of C(-) ^6 can now let 5 J, to get limAr_j.oo P{Cn < 



zu^) = F{C{^7=) < and ([211]) then follows by the scaling relation ffi:^ . □ 



Next we prove the weak convergence of the point process of vertices covered last (recall 
the definition of this process from (10. 2p ). 

Corollary 2.2 (Convergence of point process of vertices covered last), (z G M^) In the 

topology of point processes 

J\f^ converges weakly to a Poisson point process , 

on {R/Zy X M of intensity exp(-^)A, ^ ' ^ 

where A denotes Lebesgue measure on (M/Z)"' x {0}. 

Proof. Let = ^^gT^xjo} ^{Lh:,>N''u{z)}- We will first show (I2.4P with in place of 
Af^. By Kallenberg's theorem (see Proposition 3.22, p. 156 of [ij]) to show (12.41) with 
in place of JV^ it suffices to check that for all I in 

J = {I : I a union of products of open intervals in {R/ZY x R, A(/) > 0}, 

the following two statements hold: 

lim EMUI) = exp{-z)X{I), (2.5) 

lim P{Mlf{I) = 0) = exp(-e-"A(/)). (2.6) 

For any I E J define = NI fl T^r x {0}. Note that because of the special form of / 
(recall A(/) > 0) we have 

if' I 

oo and ,^ ' ^' , X(I) as -> oo. (2.7) 
13 



To show (12. 6p we note that 

PiMl,{I) = 0) = P(V„ < NM^)), (2.8) 



where = Cp' and u{z) = ujj^y^f^Qj{z) (recall the notation from (11.431) ). Let u'j^ = Upi 
and note that u{z) = Uj^{z — log |Tr^x{o}| ) ^^^^ all a > and N > c{I, z, a) we have 

, cull 1113 , 

Uj^{z - a - log < u{z) < u,^{z + a - log (2.9) 

Therefore using (10. 5p with Fjy and in the place of and Cpj^ we get 



exp(-e-^+'^A(/)) ^ 




— a — log 


;A(/))) 


lIMIl.llZQt 








< 


M^^^P(A^^(/) = 0) 














< 


IhnN^ocPiL^,'^ < N'^u'j^iz 


+ a — log 


;A(/))) 




exp(-e~^-"A(/)), 







so that so letting a J, we find (12. 6p . 
It remains to check (12.51) . Note that 



BMW) i^^M^) ^ ■ (2.10) 



Let us now record (for use now and later) that 

for F C X [-f , f ] with |F| >2,ze [-i log -| log |F|], 

a e (0, 5 = (log A^)-3/2 and > c(a) we have (2.11) 
< uf{z -a) < uf{z){1 -6) < uf{z){1 + 6) < uf{z + a) < clogN. 

Thus for any a G (0, ^] and > c{z, a) it follows from (I1.23P (note that \ > 5 > Cqj^ 

for A^^> c, with 5 as in (|2.1ip) that P{D^Ki,u{z+a)] < iNiuiz)), PiD[KNu(z-a)] > Inm^)) < 
f^^-cN" g^^j thus 



P {P>[Ki,u{z+a)] < H^) - ce < P hNMz) - 
Now since {Df^ < H^} {x ^ X(0, D^)} for any A; > 1 we have 



(2.12) 



PiD[Kj,u(z±a)] < H,) = P{X i X(0, D^Kr,u{z±a)])). (2.13) 

We can now use (10. 6p twice to get that if a G (0, ^] and N > c{z, a) then 

P(x^X(0,D[xw-a)])) < Qo(a;^X'^(^-2«))+ciV-3'^, 

P(x^X(0, /}[;,,„(,+,)])) > Qo ^ - ^^-'^^ 
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where we have also used (12. lip with u{z ± a) in the place of z, that S > C2j^ {S as in 
(EmD) for N > c, the fact that xi^±s)uF {z±a) ^-^^ 

same law under the coupling Qi 
as under the canonical probability Qq and fll.34p . But Qq (x ^ X"(^='=^")) = ^"^^^'^^^^^ by 
(OZD, so combining ([212]), f l2J3D and fl27[4D we get that if iV > c{z, a) then 



exp(— 2; — 2a) „ / \ exp(— z + 2a) ,^ n, 

|Tjv X {0}| - ^ "^^^ - ^ - |T;v X {0}| 

So by ( 12. 7p and ( ]2.10p and we have that for all 2; G M and a G (0, ^] 

A(/) exp(-2 - 2a) < ^^j^^,EMUl) < A(/) exp(-z + 2a). 

We simply have to take a J, to get (12. 5p . This completes the proof of (12. 4p with 
in place of Af^. Thus the limit of the Laplace functional of is the map / — )■ 

exp(— J {l — e~^'^^^)\{dx)), which is continuous in z. By using the inequality < 
log 

■^N < -M-N, valid for any 2; G M, 5 > and > 1, and letting (5 | we see that the 
limit of the Laplace functionals of is / — i- exp(— /(I ~ e~^'^^^)\{dx)) as well, and 
therefore (12^ holds. □ 

Finally we derive Corollary 12.31 from Corollary 12.21 

Corollary 2.3 (Last vertices to be hit are far apart). Let the random vector (^1,12; ^Tivx{o}|^ 
he the vertices ofT^ x {0} ordered by their entrance time with Yi being hit last, so that: 

Then for all k >2 

limin^jv^ooP(31 <i<j<k such that diYi, Yj) < SN) = 0, (2.15) 

or in other words for large N the last k vertices of x {0} to be hit are separated, at 
typical distance of order N. 

Proof. For z G M, Corollary 12.21 says that JV^ converges weakly to A/"^, a Poisson point 
process on (M/Z)"^ x M of intensity exp(— z)A (A as in Corollary 12. 2p . Note that for any 
2 G M and 6 > the limsup of the probability in (I2.15P is bounded above by 

IhK P{3x ^ye Supp(Aj^), d{x, y) < 6) + F{Af'{{R/Zf xR) <k), (2.16) 

where we have used that P{Af^{{R/Zy xR) < k) ^ F{N'%{R/ZY xR) < k) as N ^ 00. 
Let / : (R/Zy x R — )■ [0, 1] be a continuous function such that f{x) = 1 if d{0,x) < 6 
and f{x) = if d{0, x) > 25. Then 

lim^^o limAf^ooP(3a: 7^ y G Supp(A/'^) s.t. d{x, y) < S) < 

lim^^o lim^ooP(E.,j;eSupp{Ar^),x^y /(^ " ?/) > 1) < (2.17) 
lim^^o lim7V^oo^(E.,j,eSupp(Ar^),xA, fi^ - v))^ 
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where we have used Markov's inequahty going from the middle to the last line. Consider 
the sum E.,,6Supp(Ar^),.^,/(^ -y)= ® - ■)) - /(0)Ar^((M/Z)'^ x M). Note 

that ® tends weakly to A/"^ ® A/"^ so that 



lim E 

Af-5-oo 



E 



(2.18) 



By Proposition 13.1. VII p. 280 of the local Palm distribution for A^^ at x G {R/ZY x M 
is the distribution of J\f^ + Sx- Therefore (by e.g. Proposition 13.1. IV p. 273 of [?]) the 
right hand side of f l2.18p equals 



e-^/E [(AT- + 6x){l{y^xyf{x - ■))] X{da 



e-'^fjf{x-y)\idy)\idx) 



Combining f l2.18p and f l2.19p we get that the right-hand side of f l2.17p equals zero, and 
therefore from f l2.16p we see that for all 2; G M 



lim lim P(31 <i< j <k such that d{Yi, Yj) < 5N) < P(Ar^((M/Z) 



X 



5-s>0 7V-s>oo 



< k). (2.20) 



But if we take 2; — > — 00 then the right hand side of f l2.20p tends to zero, so fl2.15p 
follows. □ 



3 Convergence to Gumbel 

We now turn to the proof of Theorem 10. 1[ Intuitively speaking (10. 5p says that "-^Cf^ 
is approximately distributed as a Gumbel random variable with location N'^g{0) log \ Fn\ 
and scale N'^g{0)" (recall that a Gumbel random variable with location /i and scale /3 has 
cumulative distribution function exp(— e"^^"^-'''^) and that the standard Gumbel distribu- 
tion has location and scale 1). The first step of the proof is to use fll.23p to reduce this 
to the statement "the number of excursions needed to cover F^- is approximately Gumbel 
distributed with location /('Ar(7(0) log |F/v| and scale K^g^O)" . To prove this latter state- 
ment we want to use the coupling result Theorem 14.11 from Section H] that couples the 
trace of the random walk X. with random interlacements, and apply (I1.45P (i.e. Theorem 
0.1 of [4,]) which gives the corresponding distributional limit result in the random inter- 
lacements model. It is however not immediately obvious how this might be done because 
Theorem 14.11 only couples the trace of X. in several separated "local boxes" of side length 
A^^~^,0 < e < 1 centred in T^r x [— with random interlacements, and in general 
it will not be possible to cover by a collection of such local boxes. We are able to 
deal with this problem by splitting the sequence F/v into two subsequences, one with Fj^ 
that are small in the sense that \Fn\ < A^^^^ and one with F/v that are big in the sense 
that IFtvI > A^^/^ In the first case (small Fn) we are able to apply Theorem 14.11 and 
f ll.45p to get that the number of excursions needed to cover F^ is approximately Gumbel 
distributed with appropriate parameters. Moreover we are able to reduce the second case 
(big Fi\f) to the first case. 

We now state Proposition 13.11 which deals the first case. Recall (11. 4p . (I1.43P and (ll.44p 
for notation. 
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Proposition 3.1 (Gumbel for "small" F). (d > 2) For any 6 G (0,^], N > 1 and 
F C X [-f , f ] such that N^/^ > \F\ > c{e) we have: 

sup \P,,iF C X{0,DiK^uHz)])) - Giz)\ < 9. (3.1) 

ze[-|log|F| llog|F|],«e[-Af,Af] 

We postpone the proof of Proposition 13.11 until after the proof of Theorem 10.11 and 
instead state Proposition 13.21 which deals with the second case. 

Proposition 3.2 (Gumbel for "big" -F/v). (d > 2) Let F/v be a sequence of sets as in 
Theorem 1 0. 1\ with the additional requirement that iF^vl > N^^^ for all N > 1. Then for 
all z &W (recall that un is a shorthand for up^): 

P{Fm C X(0, D^K^u^iz)])) ^ G{z) asN^oo. (3.2) 

The proof of Proposition 13.21 is also postponed until after the proof of Theorem 10. H 
which we now start. 

Proof of TheoremlOJl We write Cn for Cpj,. By ( lL25l) we have P{Lc^ < N'^UNiz)) = 
P{Cn < iN^uis/iz)) for all z > — |log \Fn\. Also note that for all z G M, a G (0, jq] and 
> c{z, a, {Fn)n>i) it holds that 

P{Cn < lNduf,(z)) > P{Cn < -D[«^(^--a)ft-Ar]) - P{D[uj^(_^^a)KN] > iN^uisiiz)) , 
P{Cn < iNduNiz)) < P{Cn < D[u^{z+a)K,^]) + P{D[uj^{z+a)K,^] < iNduMiz))- 

Now using that P{Cn < D[ uN(z±a )KN]) ^ PiF^ C X{0, D[uj^^z±a)KN])) and (|2.1ip with 
F = F]sf (similarly to under (12. lip but with ^ ± a in place of z) it follows from the above 
and two applications of fll.23p that for all 2; G M and a G (0, j^] 

lim^^^P(Fjv C X{0,Di^^(^z~a)KN])) < Mjv^oo^(^c^ < N'^un{z)) ,^ 

< limjv^ooF(F^ C X(0,D[„^(,+a)i^^])). 

But by splitting the sequence F/v into two subsequences and applying Proposition 13 . 1 1 (re- 
call that P = Pgg) and Proposition 13. 2 1 it follows that limAr_^oo P{Fn C X(0, Di^uN(z±a)KN])) = 
G{z ± a). We can thus replace the right- and left-hand sides of (13.31) with G{z + a) and 
G{z — a) respectively, and then let a J, and use the continuity of G to conclude that 
limTv^oo P{Lcn < N'^un{z)) = G{z) for all z eR, and therefore that f l03|) holds. □ 

We now turn to the proof of Proposition 13.11 which deals with "small" sets Ff^. It 
turns out that such small sets can be chopped into pieces Si, S2, Sk such that each 
individual piece is contained in a local box of side length N^^"^, and is separated from 
the other pieces by a distance of at least |Fp. The separation will allow us to apply 
Theorem 14.11 to conclude that the traces left by X. on each Si are approximated by k 
independent random interlacements, and thus that the number of excursions needed to 
cover F is approximately Km times max^ Cs,. , the maximum of the cover levels of the 
Sk by the k random interlacements. Using (I1.38P we will be able to assemble the pieces 
(placing them suitably far apart) into a single random interlacement, so that max^ Cs,, 
is close in distribution to the cover level of a set F which consists of the reassembled 
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pieces Si, S2, Sk and thus has the same cardinahty as F. It will then be straight- 
forward to prove that Cp (and thus max^ Cs^) is approximately distributed as a Gumbel 
random variable with location g{0) log \F\ and scale ^'(0) by applying fll.45p . This in turn 
will imply that the number of excursions needed to cover F is approximately distributed 
as a Gumbel random variable with location i^'7v5'(0) log |F| and scale Ki\fg{0), which is 
essentially speaking what Proposition 13.11 claims. 

Proof of Proposition \3. 1\ Construct a graph {F,Ef) with vertices in F and edge set Ep 
such that {a, b} G Ep iS a,b E F and doo{cL, h) < \F\^. Let Si, S2, Sk be the connected 
components of (F, Ep) and let Xi, Xk G E]^ be arbitrarily selected Xi G Si,i = 1, k. 
Then for each i and for all y G Si we have doo{y,Xi} < \F\ x = \F\^ < N^/"^, 
where the last inequality follows by our assumption on the cardinality of F. Therefore 
Si C B{xi, N^/"^) for all i, and if i 7^ j we have doo{Si, Sj) > \Ff. 

We now apply Theorem 14 . 1 1 wit h e = ^, u = up{z) , 6 as in fl2.1ip (using also fl2.1ip with 
a = 6/4, similarly to under (12.141) ) and I in the place of z to get that for any I G [—N, N], 
z G [-i log i log and |F| > 0(6) 



CX«H-!))_| < P^X^CX(0,D[K,„H^)])) 

< nliQo(5.-x, cx"^(^+!)) + 



(3.4) 



4' 



where we have also used that > \Ff and (when k > 1) that J2i=/=j ^i^i^ ^j) — 
Y.i^j < ^ by (frT3|) and d{Si, Sj) > c\F\^. Consider the sets Si = {Si - Xi) + i ■ 

exp(iV)ei C Z'^'^^, where Si —Xi is viewed as a subset of Z"^"*"^ and ei = (1, 0, 0) G Z'^+^ 
Let F = Uf^i Si. By fOHjl and the following holds for z G [-^ log i log |F|]: 

\Qo{F C X"H^±!)) _ Q^^Si C X"-(^±t))go(n^i C X"H-±!))| < clog 



Applying (11.380 another k — 1 times and using the triangle inequality we get that 



QoiF c X"^(^±!)) - nil QoiS, - X, C X"H^±!) 



< clog IF 



exp(Af) — 4 



(3.5) 



holds for all |F| > c{9) and z G [— | log ^ log (using also that Qo{Si — Xi C 
juF(2±f)) G# gp(^. ^ j«F(^±f)))^ Now finally we apply (OSj) . using that |F| = to 
get that for all |F| > c{9) and z> —\ log |F|: 



Qo(^ C X"^("±f)) - ^(z ± 



A' 



< 



(3.6) 



Combining (El, (ES]) and (JSJ]) with the fact that \G{z) -G{z±{)\ < f for all z, we 
get ([31]). □ 



Next we prove Proposition 13. 2[ which deals with "big" sets F/y. In this case we will 
consider for some < p < 1 the set F^ = Fis[\X{Q, D[(i_p)Kmum{o)]) 1 i-^- the subset of F/v 
left uncovered by a fraction 1 — p of the typical number of excursions K]^un{S^) needed 
to cover F/v, and show that the cardinality of F'^ concentrates around its typical value 
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which turns out to be l-F/vl'' (this is the content of Lemma [3.31) . To do this we will once 
again split into pieces S-ji tlicit are contained in local boxes (but this time they 

will not in general be far apart). Using the coupling Theorem 14. II for one i at a time will 
allow us to use a random interlacements calculation to prove that \F^ fl Si\ concentrates 
around x I-FatI''. A union bound will then ensure that \F^ fl Si\ concentrates around 
this value for all i at the same time with high probability, and thus that \F^\ concentrates 
around |-F/v|'' with high probability. 

Now for the p we pick (cf. (KW^ ) we will have < {{2N + l)Ny < N'^/^ so that 

(with high probability) F^ is a "small set" in the sense of Proposition 13.11 It will turn 
out that the excursions after the [(1 — p)KiyUiy{0)]-th departure are "almost" independ- 
ent of F^ and therefore we will be able to apply Proposition 13.11 to the set F^ to prove 
that the number of additional excursions needed to cover it is approximately a Gumbel 
random variable with location ii'Ar(y((0) log ~ -ft'iv(yf(0) log |F/v|'' = Kiyg{0)p\og\FN\ 
and scale K^giQ). Adding to this random variable (1 — p)K]^un{S^) = (1 ~ p)Kn log \Fn\, 
the approximate number of excursions that reduced F^ to F^, we find that the number 
of excursions needed to cover F/v is approximately distributed as a Gumbel random vari- 
able with location K^g^O) log|F/v| and scale K^g^O), which is essentially speaking what 
Proposition 13.21 claims. 

Proof of Proposition \3.B . Fix a z eM.. Define for any p G (0, |] and N > c 

r{p) = r(p, N) = [(1 - p)KNUNm and Fj^ = Fn\X{{], Drip)). (3-7) 

Because {Fn C X{0, D[Kj^uNiz)])} = {F^ C X{Rr(p)+i, Diki^un{z)])} ioi N > c it suffices 
to show that for some p G (0, j] 

P(F^ C X(i?,(,)+i, D[K^„^(,)])) ^ Giz) as AT ^ oo. (3.8) 

For each A G (0, and A^ > 1 we define the collection of "good sets" by: 

gN,x = {F' C : (1 - X)\F^\' < \F'\ < (1 + X)\Fr,n. (3.9) 

To show 03. 8p we will use the following lemma: 

Lemma 3.3. For all A G (0, we have lim7v-s.oo P {^n ^ ^a^.a) = 1- 
Proof. Let 

For each A^ we can select Xi, Xn(N) 

G X [-|,f],n(Ar) < cAr('^+i)^ partition 
F/v into disjoint non-empty sets Sjf,...,S^ such that S}^ C B{xi, N^'^) for each i and 
Fn = Ur=i "^N- Consider for each i = 1, ...,n{N) the events 



= { 

B.- = { 



Slf\X{0,Dr(p)] 
S'^\X{0,Dr(p)] 



> (l + DailFyvl^ + ^^v^li^Tvl"} and 
< (l-Da.lF^I"- Ay^|F;y|p}, 



(3.11) 



where Oj = and t = J2i!=i'^ V^- Because the right-hand sides of the inequalities in 
the events in (13. lip sum up to (1 ± A)|F/v|^ we have: 

P(|f;|>(1 + A)|F^|0 < EPiEt) < cAr('^+^)^ sup, P(F+), 

P(|Fj^| < (l-A)|F;vK) < EPiEr) < cAr('^+i)- sup, P(Fr). ^''■'^^ 
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We therefore wish to bound P{Ef). To this end let 

u±{\) = g{Q){{l - p) log |F;v| + log Y^xJ^^ u={l- p)un{Q), (3.13) 

and note that we can apply Theorem 14.11 with = 1, e as in f l3.10p . u as in fl3.13p . 5 as 
in dm]) (using that m_(A) < (1 - p)um{-\) < (1 - p)un{\) < u+{\), u = {I - p)mjv(O), 
so that [w-ft'iv] = 'r(p), and (12.111) with a = A/4 similarly to under (I2.14p and above (13.41) ) 
once for each i to show that if > c(A) then 



(3.14) 



P{Et) < Q^{\S'^\X^- 1 > (1 + f )a,|Fjv|^ + ^^^\Fm\'') + cN-^", 
P{E-) < Qo{\S},\I-+\ < (1 - f )a,|F^|^ - + cN'^'', 

where we view S}^ as a subset of Z^^^-^ and have also used fll.34p . Note that 

E«»(|S),\X"^|)= 5^go(x^X"^)™=™(l±^)a,|F^r. (3.15) 

Thus the probabihties on the right hand sides of fl3.14p are bounded above by: 

Qo(||5UX"1-E««(|5^\X"^|)| > Ay^|F^|p). (3.16) 
Using the Chebyshev inequality we see that (I3.16P is bounded above by: 

EQ°(|gV\X"Tn - (EQ°(|g^\X"^|))' 

We thus wish to bound EQo(|^^\X"=f p). Note that 



(3.17) 



E«°(|^^\X-^|2) = Yl Qo(x,y^X"^) < ca,\F^\P 

+ E E Qo(x,2/^X"^). (3.18) 

Now using the translation invariance of X""" (cf. (Oil! ) and Lemma O (with a = lOOOOiV 
say) we get that for N > c: 

E.e5V.^.Qo(x,i/^X«") < 

o lIXTsli 

(liD^lF^vP^-Hl^^P + cloglF^II^^I^+^j + cl^^llF^K-i < 

2 P<i (3.19) 

(e««(|5),\X"^|)) +ca,log|F^||F^|'''-^+ca,|Fjv|'' < 



E«o(|S?,\X"^|)j +ca,|F^|^ 

Combining ( KWf with fIXTB]) . fIXTTp and f lXTH]) we find from fIXTI]) that P(£;,^) < 
c{X)t^\FN\'^ + cN-^'^ < c{X)t^N~sP and thus from (13121) that 

P({(1 - A)|F^|^ < \F^\ < (1 + A)|F;v|T) < c(A)Ar('^+^)^t2^-i^ < c{X)N-TeP^ 
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where to get the last inequahty we have used that t = XlTii^^ — ''^i^) ^ cA^('^+^)^ 
and f l3.1Up . Thus we just have to let — )■ oo and recall the definition fl3.9p of Qn,x to 
complete the proof of Lemma 13.31 □ 

We now continue with the proof of (13. 8p . Fix 



and write r in place of r(p). Note that by the strong Markov property 



where the sum is over all x G deB and F' G Qn,\- We now need the following lemma: 

Lemma 3.4. For any X G (0, and N > c(A, z) we have that if F' G Gn,x o.nd x G deB 
then 

\P^{F' C X(0,D[^^,^(,)]_,)) - G{z)\ < cX. (3.22) 

Proof. By the strong Markov property we have 

P,{F' C X(0,D[x,.,(,)]_,)) = E^,[Px,^{F' C X(0, (3.23) 

Let X = {y,w), with y G T^v and w = {—hjq,hiq}, and let v G {—rj^,r]^} with wv > 0. 
Then by (2.2) of 2l| we have 

sup IP^Xr, = x') - q,{x')\ < cN-'". 

x'eT]vx{?;}. 

Thus for > c(A) we have 

mPx,^^ (F' C X(0, D[K^^^^,)]-r))] - P,AF' C X(0, /^[AW(.)]-.))I < A. (3.24) 



Note that c/(0){p log |Fjv| + -z} = ^(0){log +z + log ^} and since F' G Gn x have 

\F'\ 



-4A < log < log ^ < log < 4A. Thus for all N > c{z, A) it holds that 



KnUf'{z — 8X) < [KNUNiz)]—r < KnUp'{z + 8X), 

and therefore also that 

P,„(F'CX(0,D[^,„^,(,_8,)])) < P,^XF' cXiO,D[K^^^^,)]-r)) (3.25) 

< P,„(F'CX(0,D[^^„^,(,+8A)])). 

13:91. 113:201 isM 
Now if AT > c( A, 2) then I F' I < cA^is < A^s, > cA^s^ > c(A) and -i log < 

z — 8X<z + 8X<^ log \F'\. We can therefore use Proposition 13. II with A in the place of 
9 on the right- and left-hand sides of (13.251) to get that 

Giz - 8A) - A < P,^XF' C X(0, D[K^^^^.)]-r) < Giz + 8A) + A. (3.26) 

Now we simply have to combine (13.231) . (I3.24p and (13.261) with the inequality \G{z±8X) — 
G(^)| < cA to get ([322D. □ 
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We are now ready to complete the proof of Proposition I3.2[ From fl3.22p and (I3.2ip 

we see that if A G (0, j^) and > c(A, z) then 

Letting N ^ oo and using Lemma 13.31 we see that 

I hm P{F^ C - G{z)\ < cX. 

N—>-cx) 

Now letting A J, we get (13. 8p and therefore the proof of Proposition 13.21 is complete. 

□ 

We have now completely reduced the proofs Theorem 10.11 and its corollaries to the 
coupling Theorem 14.11 

4 Coupling random walk with random interlacements 

In this section we state and prove the main coupling theorem, Theorem l4.lt which couples 
random walk X. with random interlacements. More precisely, for some 5 G (0, 1), /c > 1 
and suitably large N we select k vertices 

Xi, ...,Xk G Tjv X [— y] ^ non-empty sets ^ 
Si, 5*2, Sk C -8(0, A^-*^"^) such that Si + Xi,i = 1, k are disjoint, 

and then construct, for appropriate u and 6, k independent pairs of random sets x"*-^"'^-' fi 
S'j,X"*'^'^^'' n Si, with the law of random interlacements at level u{l — 6), respectively 
u{l + 6), intersected with Si, such that the following event holds with high probability 
(provided the Si + Xi have low mutual energy, see (II. 9p . for example if they are "far 
apart"): 

^^u(l-5) ^^^^ ^^^Q^ ^^^^^^^ _ ^ ^ ^ ^4 2) 

A weaker version of the coupling which gave the upper inclusion for k = 1, fixed u 



and 8 and large A^ is contained in [2l| (a similar lower inclusion is contained implicitly in 
(iol). Theorem 14. II improves on this by allowing u and 5 to vary with A^, by constructing 
j-u(i±s) ^ such that they have the joint law of random interlacements at levels m(1 ± 5) 
intersected with Si (the naive way of combining the explicit coupling from j2l| with the 
implicit coupling from jioj to get a double inclusion, as in (14. 2p . does not guarantee the 
"correct" joint law), and by coupling the trace in several sets 5*1 + xi, Sk + Xk- For 
more on why constructing x'^^^^^^ fl Si such that they have the correct joint law is useful 
see Remark 16.111 (2). 

The proof of Theorem 14.11 is divided into three steps: The first is to construct two 
independent Poisson processes of excursions (that is point processes on the space 7]j 
of intensity proportional to v, see (ll.32p ) yUi and /i2, such that with high probability 
(J(/ii) - Xi) nSiC (X(0, DyuKj,]) - Xi) nSiC. (X(Aii) U X(/i2) - Xi) n Si for all i. This is 
done in Section |5l in the proof of Theorem 14.11 we invoke Corollary 15.31 for this step. 
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The second step is to exploit the fact that "the traces of a Poisson process of excursions 
on sets of low mutual energy are approximately independent" (if /c > 1, otherwise this step 
is trivial) to construct k independent pairs of Poisson processes of excursions fi\,^l,i = 
1, k such that with high probability (X(yu5^) — Xi) H Si = (X(/ii) — Xi) fl Si and (X(/i^) U 
X(/i2) — Xi) n Si = (X(yUi) UX(/i2) — Xi) n Si for i = I, k. This is done in Lemma l42l 

The third step is to construct from IJ.\, jj^l ^^e random sets x"(^^'') n Si,!^''^'^^^ fl Si 
from (i2D such that with high probabihty l^^^"^) n Si C (X(/i* ) - Xi) n 5^ and (X(/i* ) U 
lifj'D — a;j) n 5*2 C x"*-^'*'^'' n Sj. This is done mainly in Section [6l in the proof of Theorem 
14.11 we invoke Proposition 16. II for this step. 

We thus postpone a large part of the work to Sections 5 and 6, and here only prove 
Theorem 14 . 1 1 conditionally on the results of these two sections. We now state the theorem. 



N ' 



Theorem 4.1. (d>2) For anyk>l,ee (0, 1), N > c{e), z G \-N,N\, 1 > 5 > Cs 
u satisfying uK^ > (logA^)^, and xi, ...,Xk, Si, Sk as in (14. ip we can construct on 
a space {Qi,Ai,Qi) an E^— valued random walk X. with law Pg^, and an independent 
collection ((X"*-"*^ fl SijX^^^'^^^ fl Si))^^i such that the i-th member of the collection has 
the (joint) law of (X"(i-'5) n S'i,X"(i+'^) n Si) under Qq and 

^ , ^ [cuN"^'^-^ ifk = l, , , 

[cu}_^^_^.£{Si + Xi,Sj + Xj) ifk>l, 

where F is the event from (14.21) . (Recall the definition of S from (II. 9p and the bound on 
It from ffTT^ . ) 

Proof. Let C2 = 2c4 where C4 is the constant from Corollary 15.31 We first apply Corollary 
15.31 with I in place of 5 (note that 1 > | > C4^) to construct on a space (^3, ^3,(53) a 
coupling of X. with law Pq_, and two Poisson point processes fii, ^2 on 7^ with intensities 
u{l — |)z/, duu respectively such that 

Q3(v^,x(/ii)n(5i + Xi) cX(o,D[,x^])n(5, + Xi) c (1(^12) 1(1^2)) n (Si + Xi)) > 

(4.4) 

For the case A; > 1 we will need the following lemma: 

Lemma 4.2. (N > c{e) ) Let n be a Poisson process on of intensity su, s > 0. We can 

then define (by extending the space) an iid collection 'r]i,...,rik of Poisson processes such 

that rji n and 

Qi{3t,I{r]i) n (S, + X,) ^ X(/i) n (Si + Xi)) <2s ^i^i + + x^). (4.5) 

Proof. For all j, i let Aj^i C Tj^ denote the set {Hsj+Xj < Hs^+Xi < Xg}, and for all i let 
Bi d denote ^j-.j^iAj^i and let Ci d Tj^ denote {Hs^+Xi < Tj^}. For each i make the 
decomposition n = (pi + ipi where (pi = Ic^nBf/^ and ipi = Icfue,;/^- Because Cj fl ("the 
excursion reaches Si + Xi first") are disjoint the (j)i,i = 1, k are mutually independent 
Poisson point processes. Now extend the space by adding an independent collection of 
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point processes ip[^i = 1, k such that ip'^ ipi and define r]i = ip'^ + 0j. Then the T]i 

are independent and 77, /i, so to complete the proof of the lemma it suffices to show 
(14. 5p . Note that for each i: 

Qiiiivi) n {s, + X,) ^ x(^) n {s, + x,)) < Q^MC^) + o or v^;(c,) ^ 0) 

i fr32i i 

< 2sKnP^{B,) (4.6) 

If we let K = {Sj + Xj) U {Si + Xi) then (provided N > c{e) so that K C Tat x {—r^, r^)) 
KmPMh) = E K^PgiEK <Tj^,XH^=x)P,iHs,+,^<Tj^) 

E e;^,B(2;)^B(a;,y)e5^+^^3(?/) (4.7) 

x£Sj+Xj,y£Si+Xi 

^ S(^Sj -\- Xj, Si -\- Xj). 

Now combining (14. 6 p and (14.70 we get (14. 5p . □ 

We now continue with the proof of Theorem 14.11 If > 1 we apply Lemma 14.21 once 
for /ii and once for /i2 and extend our space with independent = l,2,i = l,...,k, 

such that ix\ fii and /ig /i2 for all i and 

QiiF'") < cu Y^ijLj ^{Si + Xi, Sj + Xj) where F' is the event , , 

{(X(/i^) - Xi) nSi = (T(/i„) - x,) n S, for all n = 1, 2, z = 1, k}, ^ ' > 

If k = 1 then simply define fi\ = /ii and = fi2- When > c{e) we now apply 
Proposition 16.11 with x = x,, /i = u{l — 6/2) in place of u, «_ = u{l — 6) and 
= nil - 16) (note that = 1 + S > iV"^^ and = 1 + > iV'^'^^^) 

for > c{6)) once for every 1 < i < k, each time extending our space by adding a pair 
of independent random sets Xi j,X2,j depending only on fi\ with the distribution under Qq 
of I'^i^-^) n 5(0, A^^-^) and X"t'' fl 5(0, A^^"^) respectively, such that for each i 

Qi(Vz,Xi,, C (X(/ii) - X,) n 5(0, A^i-^) C Xi,, U X2,,) > 1 - cukN~^^^''+^\ (4.9) 

We then apply Proposition 16. II again, this time with fi = u6 in place of m, u_ = and 
u+ = (so that = I > N~^^^^^ for A^ > c{e)) once for every 1 < i < /c, each time 
extending our space by adding a random set Xs^j depending only on and distributed as 
X"f n 5(0, A^^-^) under Qo such that 

gi(Vi, (X(/i*2) - a;*) n 5(0, A^^-") C X3,,) > 1 - cukN-^'^^'^+^\ (4.10) 

We now define X"^^"^^ n S, and Xf n 5, by 

if'-'^ ns,= I,, n s, and xf n Si = (Xi,, u X2,, u X3,,) n s„ 1 < ^ < fc. 
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Since Ti^,, X2,i and Xs^j are independent, we get from (11.361) that (X^*'^ fl Si,!^'^^'^^^ fl Si) 
has the law of (X"(i-^)n5i,X^(i+^)n^i) under Qo- Also the collection ((Xf^^'^^n^„Xf^^+^^n 
S*!))^^^ is independent so it only remains to show (14. 3p . But (14. 3 p in the case k = 1 follows 
directly from (i3D, (EH]) and (ICTjl . and if A; > 1 it follows from (|43!), (iSD, (13]) and 
(14J0|) (using the crude bound < cA^'='+i and (EHZD). □ 



We have now completed the proofs of all the main results this article (Theorem 10. ![ 
its corollaries and Theorem 14. ip conditionally on the results of Sections 5 and 6. 

5 Coupling random walk with the Poisson process of 
excursions 

In this section we state and prove Corollary 15.31 which couples -Eat— valued random walk 
X. with two independent Poisson processes of excursions /ii,/i2, i-e. Poisson processes on 
with intensity proportional to z/ (see (ll.32p ). such that with high probability the trace 
X(0, Di^uKn]) (fo^ appropriate u) dominates the trace of fii (see (I1.33P ) and such that the 
union of the traces of /xi and fi2 dominate X{0, D^uKn]) (cf- (I5.23P ). The majority of the 
work will be to couple X. with 

iid i^AT — valued processes X^, X^..., X ^, X ^, with law Kg (5.1) 

(see (ll.3ip ). such that for suitable u and 6 the following double inclusion event holds with 
high probability: 

[u{1-5)Kn] . . [uKn] 

i = { x^(o,Di) c u^x(i?„A) 

C ' ^X'(0,Di)U u X\0,D,)}. 

i=l i=l 

To get fii, fi2 one must then carry out "poissonization" , that is one must "put a Poisson 
number of iid the excursions" into each of fii and fi2- This relatively simple step is carried 
out in Corollary 15.31 

The more challenging step of coupling X. with the iid excursions X^, X^...,X ^, X ^ 



is carried out in Proposition 15.11 To prove this proposition we first quote a result from [21 
that couples X. with "conditionally independent" excursions X^,X^,... which are such 
that conditionally on X}^_^ G T^v x {zHn}, where z = ±1, the next excursion X*"*"^ has 
law i^q^rj^- We then couple the conditionally independent excursions X* with the truly 
independent excursions X^, X^..., X'^, X'^, ... by using Sanov's theorem for the empirical 
distribution of successive pairs of values of the Markov chain (^X|)Jj>i (with state space 
{ — 1, 1}) to show that for any given Zi G {—r^jT]^} and Z2 G {— /^at, h]^} the number of 
X* that start in x {zi} and end in T^r x {^2} is close to what this value would be if 
the X* were truly independent. 

Weaker forms of the "upper inclusions" in Proposition 15 . 1 1 and Corollary 15.31 appeared 



as Propositions 3.1 and 4.1 in [2l|. However, as opposed to the results in this paper, the 



results in [2l| require that u and 6 are fixed as X — 00. Our proofs follows the proofs in 



2l| with the most important improvement taking the form of the improved bound (I5.18P 
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on the empirical distribution of successive pairs of the Markov chain {j^X}jJi>i, which 
allows for 6 to go to zero as — )■ oo, as long as it does not do so too quickly. 

Proposition 5.1. (d > 2) For any N > c and z G [— A^, A^] one can construct on a space 
(^2,^25^2) 0, process X. with law Pq^ and processes X^, X^..., X X ^, as in (15. ip 
such that for any u and 5 satisfying uKj^ > (logX)^ and | > 5 > c^j^ one has, for I as 
m dOD, 

Q2{P) < cuN-^'^-\ (5.3) 

Proof. Let X. = (Y.,Z.) where Y. is T^v— valued and Z. is Z— valued. For 7 = {zi,Z2) G 
r =^ {—Tat, Tat} X {— /^at, /iat} we let P-y denote the law of X.^Di under Pg^_^ conditioned 
on {Zd^ = Z2}. By Proposition 2.2 of 2l| we can construct a coupling {Q' ,Vl\A!) 
of the random walk X. with law P,^, a Z^— valued process {Zfi^k,ZD,k)k>i distributed 
as {Zfii,, ZDf^)k>i under Pg^ and i?Ar-valued processes {X^)k>i which conditionally on 
{Zji^k, ZD,k)k>i are independent with the law of X'' given by Pzfi^,,,Zr,,k' ^^'^^ Q'{XiRk+-)AD,, 
X.*=) < cN-^"^ for all k. Thus: 

Q'{3k < 2uKn such that X(Pfc, Dk) ^ X\Ri, Di)) < cuN'^^~^ . (5.4) 

We will construct on a space (S, B, M) a coupling of a sequence of processes {X^)k>i with 
the law of {X^)k>i under Q' and X^, X^..., X'^, X'^, iid with law Kg, such that: 

M(P'^) < exp(-c(logX)2) < (5.5) 
where F' is the event given in (15.21) with U X(Pj, Dj) replaced by U X* (Pi, Di). Using 

I 1 i=l i=l 

the argument below (3.22) in 2l|, this, together with (15.41) . is enough to show the existence 
of the desired coupling of X. and X*, X * such that (15. 3p holds (essentially speaking because 
we can construct {VL\A!,Q') such that the regular conditional probability of X. given 
(X*)i>i exists). 

We thus proceed with the construction of (S, i3, M). We start by defining on (S, i3, M) 
the following collections of processes 

7fc G Z^ A; > 1, (7fc G r if A; > 2) with the law of {Z^^, ZD,?jk>i under P^^, (5.6) 

7fc G r. A; > 1, iid, where 7;. has the law of {Z^^, ^dJ under P^, (5.7) 

for all 7 G r an iid sequence (C(-))i>i of processes with law P^, (5.8) 

an iid sequence (X.*)j>i of processes with law k^, (5.9) 
such that the collections are mutually independent. Also define for every 7 G F: 

Nk{l) = \{je [2, A;] : 7, = 7}|, > 2, X;(7) = |{j g [1, fc] : 7^ = 7}!, > 1. (5.10) 
We further let: 

* = * £ 1. (5.11) 

X^ = Cni^ for A; > 2 and X^ = X*" , , 
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where = inf{i > 1 : Jj holds}, Jj = {X'* hits T^v x {z} before leaving B,X'^_^ G 
Tat X {2:2}} and 71 = (-2,-22)- We then have that: 



{X^)k>i under M has the same law as {X'')k>i under Q , and 



X\X\...,X \X',..., under M are iid with law k,„. 



'1 x>2 ^>'l x>'2 

, A , A , A 

Thus it only remains to show fl5.5p . We introduce the "good event 
u6 



(5.12) 
(5.13) 



{^0 < 



-K 



N 



iVKi-.)i..](7) < N^ukAi) < ^[„(i+|)^^](7)V7 e r}. 

By (15.1 op and fl5.1ip we have ^ C F' so to show (15.50 it suffices to show that 

MiG") < cexp(-c(logAr)2). (5.14) 
Note that M{io > n) < M{JlY,n = 0,1,..., and M(Ji) > ^ for iV > c by a one 



dimensional random walk calculation (see (3.23) of [2l[). So if > c and 5 > ^ 



M{io > 



u6 



-K 



N 



< 



51 \ 



- 



looy 



< cexp I —cuK 



h 



N 



(5.15) 



^qNl{ziZ2<o}, for 7 = (^1,^2) e r, where = | + and giv = | - Using 
the exponential Chebyshev inequality we get that if > c and S > (ensuring 
that |g7v [w(l + |)_ft'7v], the "typical size" of A^r' ^ i(-2i,-22) when -21-22 < 0, is "much 

larger" than lu{l + j)Kn): 

supper ^ (^Ki-5)x^] (7) > iM(l - D^iv) < cexp (-cuKn 
supper M(^Ar|^^^^,^^^^ (7) < in(l + f)ir^^ < cexp (^-cuKr, 



(5.16) 



If we write 7* = (-2}, -23) then = j^, i > 1, is a Markov chain on {—1, 1} with transition 
probabilities PiVi+i = a\Vi = b) = PNi{ab>o} + <lN^{ab<o} for a,b = ±1. Also 7' = 
(yi-i^N, VihN) almost surely for all i > 2. The sequence of consecutive pairs (Vj_i, Vi),i > 
2, is a Markov chain on {—1, 1}^. Let (t^i)j>o under the probability be a Markov chain 
on { — 1, 1}^ with the same transition probabilities as (Vi_i, Vi) but with Uq = a E {—1, 1}^ 

almost surely. If a, 6 = ±1 let Ji and I2 denote the events { ^ l{t/— («,&)} > \u{^ + 

■t=i 

[uKn]-! 

j)Kn} and { ^ l{u,={a,b)} < :|'u(l — |)-ft'Ar} respectively. Then by ( I5.10p we have: 

i=l 

(5.17) 



M {N^uK^iarM, hhN)) > lu{l + |)K^) < sup, R„{h), 
M {N[uKr,]{{arN,bhN)) < ^^(l - ^JKn) < snp^Kih)- 



We have the following lemma: 
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Lemma 5.2. (N>c)If\>6> 32^ then for all a, 6 = ±1 



2 — — /ijv 

2^ 

hN , 



sup R^{Ii) < exp I -cuKn ( ^ ) ] fori = 1,2. (5.18) 



Proof. By symmetry it suffices to check the cases a = 1,6 = 1 and a = l,b = —1. For 
a probabihty ■) on {—1, 1}^ we write /xi,/X2 for its marginals and = By 

Theorem 3.1.13 p. 79 of [10| and by sub-additivity (cf. Lemma 6.1.11 p. 255 and Lemma 
6.3.1 p. 273 of (loj), we have that for all n > 1 and x G (0, i] 

inf, R^il Yl"^-^ kuMi,b)} >I + ^)) < exp(-n^+^(x)), 
inf^ R^{^ ^"^1 l{c/.={i,fe)} <z-x)) < exp(-n^2,iv(a;)) 

where 

^2;Af(3^) = inf{if2,Af(/i) : probability on {-1, l}^/ii = /i2,/i(l,&) > ^ + x}, 
*2^iv(2^) = inf{-ff2,iv(At) : Ai probability on {-1, l}^,/ii = /i2,/i(l,&) < ^ - x}, 

H,,M = /ii(l){Ml|l)log^^ + /ii(-l|l)log^^tM} + 

Pn Qn 

/ii(-l){Ml| - 1) log ^^^^^ + /xi(-l| - 1) log i^tll^y, 

Qn Pn 

Because info-j- Ra{U2 = j) > c we have 

sup^i?. (eK"^'' Mu.=m} > + f)^^) 

< i inf. R. (Efi"'^' l{f/.=(i,.)} > + I)Kn) (5.20) 

< cexp (- {[uK^] + 1) ^+^(|)) < cexp (-^iT^v^^ivd)) ' 
and similarly 

supR„ ( Yl ^{u^=m} < ^m(1 - -^)Kn\ < cexp \^-uKN'^-^{—)j . (5.21) 
To conclude the proof of the lemma it thus suffices to show that for 6 = — 1, 1: 

Consider the function fp{x) = xlog ^ + (1 — x) log for p G (0, 1) and x G [0, 1]. Since 

fpix) = ^ + > 4 and fp{p) = f'p{p) = integrating twice gives that fp{x) > 2{x - pY 
for all p G (0, 1) and x G [0, 1]. Using this and yUi(l), /ii(— 1) > 1 we get 

> 2{/ii(l)2(/i(l|l)-p^)2 + ^,(-l)2(^(_l|_l)_p^)2} 

= 2 {(/i(i, i)(i - p^) - pMh -1))' + (M-1, - Piv) - P7vM-i, 1))'} 
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Write 6 = \pn, fJ'i^, 1) = ^ + 1/ and 1, —1) = 9 + z. If /ii = /i2 then — 1) 



2 

1, 1) = ^— 1^ — ^ and plugging this into the above formula we get 



H2,N{f^) > 2 {{y{l -e)+ zdf + (z(l -9)+ y9f] 

2 , 2 



> 2(1 -20)^{y^ + z^} 

> c I (/x(l, 1) - ]^pNf + (/^(-l, -1) - \pNf 

Now if |/i(l, 1) - 1| > ^ or |/i(-l, -1) - i| > ^ and /ii = ^^2 then |/i(l, 1) - \pm\ > ff^ 

or |/u(— 1, — 1) — |pAr| > f SO by the above inequality H2^N{fJ') > c (^^j and thus (I5.22p 
holds when 6=1. Furthermore if |/i(l, —1) — ;|| > and fii = /i2 then |/i(l, 1) — ;|| > 
or |/i(— 1, —1) — \\ > so (I5.22P holds also when b = —1. Thus the proof of the lemma 
is complete. □ 



We can now finish the proof of Proposition 15. 1[ Combining f l5.15p . fl5.16p . f l5.17p and 

^)<cexp(-cnir^(r^; 



f l5.18p . and using the bounds c exp( —cuK m jf-) < cexp(— cufrjv(p^)^) < cexp(— c(log A^)^ 



(recall uKj^ > (log A^)^), we deduce that ( I5.14p holds. Thus the proof of Proposition 15.11 
is complete. 

□ 

We are now ready to carry out the process of "poissonization" to construct Poisson 
processes of excursions (i.e. Poisson processes on 7^ of intensity a multiple of u, cf. fll.32p ) 
from the iid excursions of the previous proposition. 

Corollary 5.3. For all N > c, z E [—N,N], 1 > 6 > c^j^ and u satisfying uK^ > 
(log A^)^ we can define on a space {Q^, A3, Q3) a process X. with law Pg^ and two independ- 
ent Poisson point processes ^1,^2 on Tj^ with intensities u{l — 5)v and 26uv respectively 
such that 

g3(X(/ii) CuS:f-]x(i?„A) CX(/Xi)UX(/X2)) >l~cuN--'^~\ (5.23) 

Proof. Let C4 = 2c3 so that we can apply Proposition 15.11 with | in place of 5 to get a space 
(f22,^2,Q2) with a process X. with law Pq^ and processes {X^)k>i, {X'^)k>i, as in (15. ip 
such that Q2il'^) < cuN~'^'^~^, where /' is the event in (15. 2 p with 5 replaced by |. We 
define (f^a, ^3,(^3) by extending (^^2,-^25(52) with independent Poisson random variables 



Ji with parameter K^juil — 5), J2 with parameter K^u^ and J3 with parameter Knu 
which are also independent from {X'')k>i, {X''')k>i. We then define 



2' 



/ii = ^ 5^fe and = ^ "^xfe + ^x'k- (5-24) 

l<A:<Ji Ji+l<k<Ji+J2 l<k<J3 

Then /xi and ^2 are independent Poisson point processes with intensities ^(1 — S)i> and 
25uv. It thus only remains to show (15.230 . Note that the complement of the event in the 
left-hand side of (15.230 is included in 

{Ji > [u{l - |)i^^]} U {Ji + J2 < [u{l + {)Kr,]} U {J3 < [u\Kr,]} U 
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But using standard large deviation bounds we see that the probabihties of the first three 

uK nS^> {log Nf,N>c 

events in the union are bounded above by exp{—cuKN6'^) < cuN~^'^~^ and 

thus (15.231) follows since we already know Q^{I"^) < cuN~^'^~^. □ 

In finishing the proof of Corollary 15.31 we have now proved the first of the two main 
ingredients that were used to prove Theorem 14. 1[ 

6 Coupling the Poisson process of excursions with 
random interlacements 

In this section we state and prove Proposition 16.11 which couples the Poisson process of 
excursions with random interlacements and whose application was an important part of 
the proof of Theorem 14.11 It states that if we have a Poisson process of excursions /x (i.e. 
Poisson process on Tg of intensity mi/ for m > 0, see (ll.32p ) then for any x G T^r x [— y] 
and e G (0, 1) we can, provided N is large enough and u_ < u and > -u are "sufficiently 
far" from m, construct independent random sets Xi,X2 C A = i?(0, A^^^^) such that 

Xi has the law of X"- fl A under Qq and X2 has the law of X"+-"- n A under Qo (6.1) 

and with high probability Xi C (X(/i) — x) fl A C Xi U X2 (recall that X" under Qq is 

a random interlacement and that (Xi,Xi U X2) (X"- n A,X"+ n A) by ffL36D ). More 
precisely: 

Proposition 6.1. Assume e G (0,1), > c{e), x G x [— ^ly] '^'^'^ A = 
BiQ^N^^'^). Suppose that we have a Poisson process fi on with intensity ui>,u > 
defined on a space {Q,A,Q) . Then if < < u < u^,^,^ > N~'^^ , where 

C5 = £5(5) > 0, we can define a space {Vl ,Ji,Q') and random sets Xi,X2 C A on the 
product space {QxQ,A^A,Q^Q) such that (16. ip holds, 

Xi,X2, are independent, cr(yu) ^A— measurable and (6.2) 



Q®g'(Xi C (X(/i)-x)nAcXiUX2) > 1 - cu+N-^^^'^+^l (6.3) 

Before starting the proof of Proposition 16.11 we make some definitions and state Pro- 
position 16. 2[ all of which we will need in the proof. We define the box 

A' = B{x,N^-''). (6.4) 

The first step in the proof of Proposition 16.11 will be to extract from /i a Poisson process 
/i', by keeping only trajectories in /i that hit A' (the others are irrelevant for the coupling). 
We will see that what is left, i.e. /i', is a Poisson process on 7^ of intensity uk^^^ ^. We 
define the boxes 

B = 5(0, iV^-/^), C = 5(0, ^), B' = B{x, N'-^/'), C' = i?(x, ^). (6.5) 
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Note that for > c{e) 

A C B C C and A' C B' C C. (6.6) 

(One should not confuse B with B from (II. 2p .) We further define for k > 1 the successive 
returns Rk to A and departures from B, and returns Rf. to A and departures -D^ 
from B', analogously to (11. 3p . For 1 < / < oo we then introduce the maps from 
{Dk < oo = Rk+i} C W and {D',, < < R'k+i} ^ respectively into 

=^ {wm + ■) A ml<^<l, (p'liw) =^ {w{{r[ + ■) a d;) - x)i<,<,. (6.?) 

For 1 < / < oo we will then consider /x/, the image of yu' under that is from each 
trajectory we will only keep its excursions between A' and dgB'- Essentially speaking we 
will then be left with Poisson point processes /i/,/ > 1, on the spaces W^'',l > 1, of 
intensities u^^J > 1, where for wi, ...,wi G W 

Recall from (11.351) that X* fl A has the law of I{ha,s) H A for any s > 0. It will turn 
out that if we consider the image of l{i),<oo=_R,+i}A''A,s under (pi, thereby only keeping the 
excursions between A and 9eB, we get Poisson processes on the same spaces W^^,l > 1, 
but with intensities s^^d+i, where for wi, ...,wi E W 

e^,^,iw,,...,Wi) (0,o(l^^^<^^^^^^^Pf;+^)) («;!,...,«;,). (6.9) 

The following comparison of ^^rf+i is crucial in the proof of Proposition 16.11 

Proposition 6.2. (N > c{e)) For all I > 1 

(1 - c(/)iv-(-))eUi <^E<{^ + c(/)iv-=(^))eu- (6.10) 

We postpone the proof of Proposition 16.21 until after the proof of Proposition 16.11 In 
Proposition 16. II we will use Proposition 16.21 to "thin" /i/, / = 1, r, where r is a constant, 
to get Poisson processes = 1, ...,r with intensity U-^^^^+i and "thicken" fii — fi'f to 
get Poisson processes fif' = l,...,r with intensity u+C,^^a+i, such for each / = l,...,r we 
have < fi'i < fJ'l + fi'l- We will then essentially speaking define the set Xi in terms 
of the traces of the fij' and define X2 in terms of the traces of the /i^. We will pick r 
(see (I6.15P ) such that with high probability J2i>rf^i ~ 0- This together with the relation 
/^r ^ fJ'i ^ l^a + IJ't will allow us to prove that the inclusion in (16. 3p holds with high 
probability. Also the relation between ^^^+1 ' /^a,s and X'' fl A described above will allow 
us to show (16. ip . We now start the proof. 

Proof of Proposition \6.1[ We start with by constructing the processes /i; in the following 
lemma: 

Lemma 6.3. We can define on {VL,A,Q) processes < I < 00, such that 

/i; are independent cr{fi) — measurable Poisson point processes, (6-11) 
III has statespace W^^ and intensity m^^, (6-12) 
(X(/i) — x) n A = Ui>iX(/ij) almost surely. (6.13) 
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Proof. Define on {n,A,Q) the processes /i' = Z)n>o hits a'}'^«'"(^^a'+-) ^^^^ A* = 
Sn>o '^«'n • Then fi' is a Poisson process on T§ of intensity 

uKNPqiX^H^,+-)AT^ e rfw) ™ UK,e^, -{dw) 

and 

(X(/i) - x) n A = (X(/i') - x) n A almost surely. (6.14) 

Furthermore define for 1 < / < oo the process fii as the image of 1{£i'<t-<_r' }/^' under 

0/. Then since {Z)^ < Tj^ < Ri^i} are disjoint, and /i' only depends on /i we get ( 16. lip . 
By (EZD and we get (l6l^ . Finally ( 16J[3D follows by (ITOD and (EZ]) and since 

Uz>i{i5; <Tj^ < Rij^i} equals the support of /x'. □ 

The next step in the proof of Proposition 16.11 is to construct the processes iij , ii^ . 
First let us define 



10(rf + 1) 



+ 1, (6.15) 



where Cg = CQ{e) is the constant from Lemma [6.61 We have the following lemma: 

Lemma 6.4. (A^ > c{e),Q < < u < m+, ^ > N~'^^) We can construct a space 
{Q', A', Q') and processes /i^", yU^, 1 < Z < r such that 

fif ,fi^, 1 < I < r, are independent o"(/i) x — measurable, (6.16) 

/ij" is a Poisson point process on W^^ of intensity (6-17) 

/ij^ is a Poisson point process on W^^ of intensity («+ — 'U_)^^d+ij (6.18) 

A^r ^ f^i ^ + (ili^ost surely. (6.19) 

Proof. By fl6.10p it follows (if we define C5 = c^i^e) appropriately) that for > c{e) 

«_e^d+i < u^E < for 1 < / < r. (6.20) 

Since /ii has intensity u^^ ^ud < uC^e "we can thin /i/ (by defining the appro- 

priate random variables on {Q',A',Q')) to get fij' such that [xj , iii — are independ- 
ent, (T(/i) X ^'-measurable, ^ij < fii and f l6.18p holds. The /x/ — then have intensity 

l|6:20)l 

''^^E ~ ""-Czd+i — ~ so we can (by extending the space {Q', A', Q')) thicken 

them to get /x/" such that fl6T6|) . f l618|) and fl639|) hold. □ 

We now continue the proof of Proposition lUTTl by further extending {Vl ,X , Q) with two 
independent Poisson point process /x"*" and fi~ on W of respective intensities U-l0^^_^^^yP^^ 

and («+ — M_)l|^^^^^^|Pg^'*^^ respectively and define on (f2 x Q' ,A® A^ ,Q ^ Q') 

Xi = (uLiX(/i+) ux(/.+)) n A,X2 = (uLiX(/ir) ux(/.-)) n A. (6.21) 

Then (16. 2p holds by ( 16.16^ and the definitions of p,^ and Ji~ . We check (16. ip in the 
following lemma: 



d+l 
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Lemma 6.5. (16. ip holds for Xi,l2 as in fl6.2ip . 

Proof. Recall the definition of /iA,u_ from f ll.35p . Similarly to (I6.14p we have: 

x(/iA,„J n A = (uLiX(0Ki{DKoo=R,+i}M,«_)) ux(i|^^^^<^|/iA,«j) n A. (6.22) 

Also similarly to (|6.1ip and (|6.12p the 0/(l{A<oo=i?,+i}/^A,«_), 1 < / < ^,1{d,+i<oo}/^a,«_, 
are independent Poisson point processes and have intensities < / < r, and 

'^-'^{Dr+i<oo}P'e^"^^ respectively. These coincide with the intensities of 1 < / < t, /i^", 

so from flOTD and fl6:22p we see that Xi AfiA,uJ n A ^^^^P^ x«- n A. Similarly 
X2 j^u+-u^ n A so the proof of the lemma is complete. □ 

Continuing with the proof of Proposition 16.11 we see that we are done once we have 
shown (16. 3p . We have (noting that by (I6.12p the process X]«>r l^i intensity Ml|^/^^^^|Ke^, ^) 

Q O g (Xi C (X(/i) - a;) n A C Xi U X2) > 
Q'(/x+ = and /i" = 0)g(^/ii = 0) = 

l>r 

exp(- (n+Pj'^' {Dr+i < 00) + wPe,, ^ (^Ui < 00)) ) > 

1 - CU+ {pC\Dr+l < 00) + Pe,,^(^:+1 < X^)} > 

1 - c«+ ( f sup PT^\Hf, < 00)) + f sup P,{Hf,, < T^)] ] (6.23) 



To bound the last line of the above formula we will need: 
Lemma 6.6. ^A^ > c{e),x G Tjv x [-f , f]) 

snp Pf^\H A < 00) < N^'^^'l (6.24) 

Z&deB 

sup P,{Hjx, < T^) < N~^''-'\ (6.25) 
zedeB' 

Proof. To prove (16.251) note that by the strong Markov property sup^gg^g' Pz{Hfi,' <Tj^) < 
^^Vz&deB' Pz{Ha' < Tc') + sup^ga^c' Pz{Ho,B' < T^) xsup^gg^B' Pz{Ha' < T^) which implies 

sup < T,) < J.ea.B^P.(gA^< Tc.) 

By the invariance principle iiai^izg^c' Pz(TTNxi-N,N) < Hqi) > c ioi N > c and by a 
one dimensional random walk estimate we see infTr^x{-Af,iv} -^^(Tg < H^i) > Cjj^^^jjy, so 

inf^ea^c' PziT^ < Hq^b') > Cji^^- We also have 

sup P.iHA' <Tc)< sup Pf^\HA < 00). 

ZGdeB' ZGdeB 



But Proposition 1.5.10, p. 36 of Q implies that sup^g^^e ^^^'(^a < 00) < N'^^^^'\ 
thus proving (16.240 and also, via (16.260 . completing the proof of (16.251) . □ 
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Remark 6.7. Let us record for later that a similar argument (introducing a set C" = 
y) D C which plays the role of C) also proves 

sup Pf^\H9^B < oo) < N-<'^ and sup P,(ifs,B' < W < N'^'l (6.27) 

□ 

We now continue with the proof of Proposition 16.11 By (16.241) and (I6.25p we see that 
sup Pf^\Hf, < oo)) + ( sup P,{Ha> < oo)^ < cicN-^'Y 



:e9eB / \zedeB' 



Thus fl6.3p follows from fl6.23p . This completes the proof of Proposition 16.11 □ 

It remains to prove Proposition 16.21 

Proof of Proposition \6.B . For w e 7b (see under (11.11) for the notation) let denote 
the vertex at which w starts and let w'^ denote the vertex at which it ends (i.e. stays 
constant). Note that for all w = {wi, ...,wi) G (7b)^' 

eU(w) P^;^\Di<oo = R,^„X^f,^^.^,^^=w,A<k<l} 

= eAiwl) (llji^^)^ ||ns^.+i«,<+^)j t^^+^iwt), (6.28) 

where the last equality follows by several applications of the strong Markov property and 
where we define 

r{w) = P^T\x.;,Tb = w)= P^s+^(XaTb, = w + x) hi w e Tb, 
s^,+i {z, y) = Pf^' {Ha < oo, Xh^ = y) for z G 9eB, y G ^^A and (6.29) 
tad+i(z) = Pf^\H A = oo) ioi zedeB. (6.30) 

Similarly for all w = {wi, ...,wi) G (7b)^^ 

eUw) Pe,,^(A'<T^<i?;+i,X(^;+.)Ar)L-^ = ^'^,l<^<0 

= e^,^^{wl + x) (jl r{wi)^ (j[ se{wI, t.^^^) j IeH), (6.31) 

where 

se{z, y) = Pz+.{Ha' < Tj,, Xh^, =y + x)ioTze d,B, y G d^A, (6.32) 

tEiz) = P,+^{Ha' > Tj^) ioi zed3. (6.33) 

We will make a factor by factor comparison of the right-hand sides of f l6.28p and f l6.3ip 
to obtain fl6.10p . For this we will need the following lemmas: 
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Lemma 6.8. ^A^ > c{e),x eTj^x [-f , f]) For all z e d^A 

eA(^)(l - cN-<'^) < e^> j^{z + x) < ef,{z){l + cN-<'^). (6.34) 
Lemma 6.9. ^A^ > c(e),x G x [-f , f ]; For all z e 83 

(1 - cN-<'^)t^,+.{z) < tE{z) < (1 + cN-'^'^)t^,+i{z). (6.35) 
Lemma 6.10. ^A^ > c{6),x eT^ x [-f , ^])For all z G 83 and y G 8,/K 

(l-cN-'(^^)s^,+iiz,y) < SEiz,y) < {1 + cN-<'^)s^,+iiz,y). (6.36) 

Before proving these lemmas we note that by comparing fl6.28p and fl6.3ip and applying 
f l6.34p , fl6.35p and f l6.36p we get fl6.10p . The proof of Proposition 16.21 is thus done once we 
have proved Lemmas 16. 8[ 16.91 and 16.101 We start with Lemma 16.81 

Proof of Lemma \6.8[ The upper bound follows by the argument in the proof of Lemma 
4.4 of |20| (that lemma proves the upper bound with _B(0, 2[^^^^g-^]) in the place of A', but 
the special form of the radius and that the centre is at plays essentially no role in the 
argument). The lower bound follows by the argument leading up to (6.4) of [2l| (that 
formula is the upper bound in the case x = , but similarly the fact that x = plays no 
essential role in the argument). □ 

We now continue with the proof of Proposition 16.21 by proving Lemma 16.91 

Proof of Lemma 1 6. 9[ We will compare tE{z) and t^d+i{z) with 

tc{z) = Pr\H;y > Tc) P.+.(i/A' > for z G 83- (6.37) 

It is obvious from ( I6.30p that txd+i{z) < tc{z), so to show the first inequality of (I6.35P it 
suffices to show (1 — cN~^^'^^)tc{z) < tE{z). But this follows by the following upper bound 
on tc{z): 

tc{z) ^ P,^,{H;,.>T^) + P,{Tj,>H^,>Tc>) 

< tE{a)+tc{z) sup P,,{H;,,<T^) 
lOSl l.B'cC 

< tE{z)+tc{z)N-<'\ 

To show the second inequality of fl6.35p note that from fl6.33p . fl6.37p and C C -B it is 
obvious that tEiz) < tc{z), so it suffices to show tEiz) < (1 + cN~'^^'^^)t^d+i(z). But this 
follows from by the following upper bound on tc{z): 

tc{z) ^ Pr\H;, = oo) + Pr\oo> > Tc) 

dOOll .l lOTll 

< tzd+i{z) + tciz) sup Pf, {Ha<oo) 

z'edeC 

< t^d+i{z) +tc{z)cN-<'l 

This completes the proof of Lemma 16. 9[ □ 
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Finally we prove Lemma [6.10j the argument is close to that of Lemma 5.3 in [2]]] and 
Lemma 3.2 of |20| . 

Proof of Lemma \6.1(A For z G SgB, y G 9jA we will compare Sid+i{z^y) and SE{z,y) with 

sciz, y) = Pr\H^ < Tc, Xh, = y) P.UH^' < Tc, Xh„ =y + x). (6.38) 

Recalling ( I6.29p and using the decomposition W = {Tq < H/\}U{H/\ < Tc}, and similarly- 
recalling (]6.32p and using the decomposition = {Tc < -f^A'} U {H/\/ < Tc}, we see 
that 



sciz,y) < s^d+i{z,y) = sc{z,y) + Pf*\Tc < < 00, Xh^ = y) i^nd 
sc{,z,y) < SEiz.y) = sc{z,y) + P^+a(Tc < H^, < T^,Xh^, = y). 

To prove fl6.36p it suffices to show 



(6.39) 



Pf (Tc <Hj^< 00, Xh, = y) < cN-<'\sj^a+.{z,y) and (6.40) 
P,+,{Tc> <H^. <T^,XH,,=y) < cN-<'hE{z,y), (6.41) 

since then Sid+i{z^y){l — cN~^'^^'^) < SEiz,y) by using the upper right-hand side of fl6.39p . 
(16.401) and then the lower left-hand side of fl6.39p . and similarly SEiz,y)(l — cN'^^'^^) < 
Sid+i{z,y). 

We start with flalOD . We have 

sup^ea^B Pf^\Tc < Ha<oo, Xh^ = y) 

< sup^,gg^c pT''' (Ha^B < 00) sup^„ga.B P^!''"' {Ha < 00, Xh^ = y) (6.42) 

< civ-'^^^) sup^„ga^B ^zd+i (2", y)- 

Note that the map z — )■ Pf^^^ [Hf^ < 00, Xh^ = y) is positive harmonic on Z'^~^^\/K so that 
by Harnack's inequality (Theorem L7.2 p. 42 of [l3]) and a standard covering argument 
we get snp^n^Q^Q Sxd+i{z" ,y) < cmiz"(zs^B Szd+i{z" ,y). Combining this with fl6.42p we get 

dnao]). 

It remains to show (I6.4ip . Similarly to fl6.42p we have: 

sup P,+,.(Tc < H^, < Tj^,Xh^, =y) < cN-<'^ sup SE{z,y). (6.43) 

Now the map z Pz{H/\i < T^jXh,^, = y) is positive harmonic on B\A' D C\A'. 
Since C'\A' can be identified as a subset of Z'^"'"^ we have similarly to above by Harnack's 
inequality that sup ^ ^q^q SE{z,y) < cinf^gg^e s_e(-2, !/)• Combining this with fl6.43p we get 
(16.411) . This completes the proof of Lemma I6.10[ □ 

This also completes the proof of Proposition 16.21 □ 

All the steps in the proof of Theorem 10.11 and its corollaries have now been completed. 
We conclude with an open question and a comment on the use of Theorem 14.11 as a 
"transfer mechanism" . 
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Remark 6.11. (1) The Gumbel distribution has been proven to arise as a distributional 



hmit for rescaled cover times of certain finite graphs (see [Ul, ll3|). One important graph 
in the study of cover times for which a Gumbel distributional limit has been conjectured 
(see Chapter 7, Section 2.2, p. 23 of jsf), but not proved, is the discrete torus Tn = 
CZ/NTiY, d > 3. It is an open question whether the methods of the proof of Theorem lO.il 
could be used to prove that conjecture. A strategy could be to reduce it to the statement 
f ll.45p with the help of a coupling with random interlacements. For bounded u and fixed 
S a coupling of random interlacements and the trace of random walk in the torus (in one 



local box) has been produced in [23 



(2) A coupling of random walk with random interlacements can be used as a "transfer 
mechanism" to reduce the proofs of properties of random walk in the cylinder to proofs of 
properties purely in term of random interlacements (as we reduced Theorem 10. II to f ll.45p ). 
Sometimes such transfers require the use of both inclusions (cf. (14. 2p ) simultaneously and 
therefore need a coupling of random walk with joint random interlacements, such as 
Theorem 14.11 An example arises when using the random interlacement concept of strong 
supercriticality of levels m > (see Definition 2.4 of jisf) to "patch up" components of the 
vacant set {X{0, n)Y,n > 1, in various local boxes where the walk is coupled with random 
interlacements (as was done in the case of the torus in Proposition 2.7, see also Lemma 
2.6, of ji^l). For instance if one could prove that all u < u* are strongly supercritical 
(where u* is the critical parameter of interlacement percolation, see (0.13) of [22| and 
Remark 2.5 (2) of 23|) then Theorem 14.11 would be the kind of coupling that could be 
used to derive from this, using the aforementioned "patching" , the "correct" lower bound 
on the disconnection time T^oi the cylinder, (and thus improve on Theorem 7.3 of j2l|, 
see also Remark 7.5 (2) of |2l|). 

□ 
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